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Abstract 
This study compares the performance of two recently published schemes for the measurement of two-dimensional image 
velocity: the Generalised Gradient (GG) scheme and the Image Interpolation (11) scheme. It is shown, theoretically as well 
as by simulation, that the II scheme is more robust to noise, to the aperture problem and to structureless images, despite 
the fact that it requires only marginally more computation than does the GG scheme. 

1 Introduction 

Two new methods for computing optic flow have appeared 
recently in the literature: the Generalised Gradient 
scheme [1,2], and the Image Interpolation scheme [3]. 
Both schemes compute two-dimensional image velocity 
within a patch (of arbitrary size) by assuming that the 
velocity is homogeneous within the patch. They yield the 
hori:zontal and vertical components of image velocity, Vx 

? 

and Vy . This paper compares the performance of the two 
schemes with respect to accuracy, noise tolerance and the 
aperture problem. The two schemes can be compared 
readily because they both compute image velocity by 
measuring local spatiotemporal changes in the image, 
rather than by identifying and tracking features or 
computing spatial autocorrelations. Furthermore, both 
schemes are relatively fast, non-iterative and potentially 
applicable to real-time analysis of video image sequences 
[4]. 

2 Description of the two schemes 

The Generalised Gradient (GG) scheme computes velocity 
by applying six different spatial filters to the image patch. 
Two of the filters are characterized by non-identical, 
linearly independent spatial weighting functions, denoted 
by g(x,y) and h(x,y). Four otber filters, derived from the 
g and h filters, have spatial weighting functions that 
represent the partial derivatives of the g and h fllters 
along the x and y directions, respectively; these are 
denoted by gx,gy,hx and hy. If f(x,y,t) denotes the 
spatiotemporal intensity profile of the moving image, it 
can be shown that the components of image velocity, Vx 

and Vy are related to the outputs of the spatial filters in 
the following way [1,2]: 

d 
--JJ g . f. dx.dy =Vx. JJ g x • f .dx.dy + Vy. JJ gy. f.dx.dy (1) 

dt 

d 
- dt JJ h. f.dx.dy =Vx.Jf hx.f.dx.dy+ Vrff hy-f.dx.dy(2) 

where the double integrals refer to two-dimensional 
integration in space over the image patch. Thus, if one 
can calculate the instantaneous outputs of the spatial 
filters gx,gy,hx and hy , and the temporal derivatives of 
the outputs of the g and h f'tlters, the unknown velocity 

components Vx and Vy can be computed by solving the 
two linear simultaneous equations (1) and (2). Two 
successive frames of the image suffice to calculate image 
velocity. The theory behind this approach is developed in 
[1]. 

The Image Interpolation (11) scheme also uses two image 
frames, but computes velocity in a different way. Denoting 
the two-dimensional spatial image in the first frame by 

f 0 (x,y) and the second frame by f(x,y) this scheme first 
derives from fo a set of four reference images 
fi(x,y),f2(x,y),f3(x,y) and J4 (x,y). fi,f2,f3 and / 4 

are obtained by shifting / 0 by reference amounts +lure!• 

-lure! , +ll.Yref and -ll.Yref , respectively. Then, /is 

interpolated linearly from fo and the reference images 
/ 1, h, fJ and / 4 • In other wordS, we assume that f can 

be approximated by J: 
A V. Vy 
f = fo +0.5(-x-)(h- fi)+0.5(--){f4- 13) (3) 

!uref fj.y ref 

where Vx and Vy are the unknown components of velocity 
to be determined. These are determined by establishing 
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the values of V~ and Vy that minimize the mean-square 

errorE between the actual image in tbe second frame, f, 

and its interpolated approximation, f . This error E is 
measured as 

E = jj'l'.[f- j]2 dx.dy (4) 
where 'I' is a two-dimensional spatial weighting function 
that defines the patch over which the velocity is computed. 

Substituting for f from (3) and minimizing (4) with 

respect to V~ and Vy 
equations: 

yields two simultaneous 

V. 2 v,. (-Z-)JJ'f'.(h- ft) dJ:.dy+(-)JJ'f'.(/4- f3).(f2- fJ.)dx.dy 
Axnf · dYref 

= 2jJ'I'.(f- fo><h- Ji.)dx.dy (5) 

V. V, 2 (-z-)JJ'P.(f2- ft).(/4- f3 )dx.dy +(-)JJ'P .(/4- f3) dx.dy 
Axnf !J.Ynt 

= 2IJ'I'.(f- /o)(/4- fl)dx.dy (6) 

These equations can be solved for Vx and Vy to obtain the 
image velocity within the patch. Details of the theory 
behind this approach are described in [1]. 

3 Comparison of performance of the two 
schemes 

3.1 Performance In noise-free conditions 

Initially, the performance of the GG and n schemes was 
compared using a synthetic, noise-free image sequence. 
The image was defined on a 21 x 21 pixel array and the 
pattern used in the image sequence was a plaid, consisting 
of a superposition of horizontal and vertical sinusoidal 
gratings, each of spapal period 13.6 pixels (Figure 1). The 
plaid was defined by the function sin(0.5x)+sin(0.5y), 
where x and y denote pixel position referenced to the 
bottom left pixel. The intensity of this pattern varies from 
a maximum of +2 (white) to a minimum of -2 (black). 

Figure 1. Synthetic image (plaid) used to test the 
performance of the GG and Il schemes in Figs. 2-4 

Two-dimensional image motion was computed from two 
frames, for motion along the eight different cardinal 
directions as shown in Fig. 2a, with amplitudes ranging 
from 0.0 to 1.0 pixels in ten steps.With the ll scheme, the 
'I' function was a circularly symmetrical gaussian 
function centred on the centre pixel with a half-width of 
8.0 pixels, and the reference images were displaced by 1 
pixel in the +x, -x, +y and -y directions, respectively. With 
the GG scheme, the spatial weighting functions 
representing the g and h filters were elliptical gaussians, 
centred on the centre pixel with half-widths of 10.0 and 
6.0 pixels along the major and minor axes, respectively. 
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Figure 2. Outputs of GG scheme (a) and ll scheme (b) to 
displacement of the plaid pattern in Fig 1 along the 8 
different cardinal directions, by amounts ranging from 0.1 
to 1.0 pixel in 10 steps. The circles represent the true 
velocity vectors and the asterisks depict the computed 
vectors. For clarity, the true displacement vectors are 
shown rotated 0.1 rad counterclockwise. 
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The mean half-width of each function was thus 8.0 pixels, 
ensuring that the GG and JI schemes were applied to 
similar-sized patches. The g function was oriented 
horizontally, whilst the h function was oriented 
vertically. The outputs of the GG and II schemes under 
these conditions are shown in Fig. 2a and Fig. 2b, 
respectively. It is clear that both schemes yield oulputs 
that are very close to the actual displacements, provided · 
the displacements are small compared to the spatial period 
of the plaid pattern. As the size of the displacement 
increases, the GG scheme tends to overestimate the 
displacement slightly, while the II scheme tends to 
underestimate it. 

3.2 Performance In noisy conditions: 

Next, the performance of the GG and II schemes was 
compared under conditions in which controlled amounts 
of noise were added to the synthetic image sequences. 

In one test, the plaid was displaced by a constant amount 
(0.8 pixels in x, and 0.5 pixels in y). Noise from a 
random-number generator, uniformly distributed in 
amplitude over the range (-0.1,0.1) was added to each 
pi~el in each frame, producing a noise/signal (peak-
amplitude) ratio of 5% in the image. The noise was 
uncorrelated between pixels and frames. The oulputs of 
the GG and II schemes were compared in 200 trials each, 
using the same random sequence for the noise in either 
case. The results are shown in Fig. 3 as scattergrams, 
where each point depicts the velocity vector computed in 
one trial, the dashed cross-hairs depict the inean velocity 
vector computed over 200 trials, and the solid coross-hairs 
depict the true (input) velocity. Visual comparison of the 
scattergrams reveals that the GG scheme (Fig. 3a) is more 
sensitive to noise than the II scheme (Fig. 3b). In 
quantitative terms, the standard deviation of the 
computed speed is 0.061 pixels with the GG scheme, and 
0.021 pixels with the n scheme. The standard deviation of 
the computed direction is 0.029 rad for the GG scheme, 
and 0.018 rad for the IT scheme. These characteristics are 
as expected from a theoretical analysis of noise sensitivity 
(see Appendix). 

In another test, the effect of increasing the noise 
amplitude on performance was examined. In Fig. 4 are 
shown the computed mean speed. mean direction and the 
standard deviations of speed and direction for the GG and 
11 schemes, for noise amplitudes ( -a,a) ranging from a = 0 
to a = 0.25. It is clear that the standard deviations in speed 
and direction increase more rapidly with noise in the case 
of the GG scheme (Fig. 4a), indicating that this scheme is 
more susceptible to image noise than is the II scheme (Fig. 
4b). However, whereas the GG scheme computes mean 
speeds that are close to the actual values, the 11 scheme 
tends to compute speeds that are increasingly lower than 

the actual speeds as the noise increases. The discrepancy 
can be corrected, however, if the level of noise is known a 
priori. 

GGscheme a 1.2..-----~-~-~-~---
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Figure 3. Outputs of GG scheme (a) and II scheme (b) to 
displacement of the plaid pattern in Fig. 1 by 0.8 pixels 
along x, and 0.5 pixels along y, in the presence of image 
noise of amplitude 0.1 unit (5 % of signal amplitude). 
Results are shown for 200 trials in each case, each dot 
representing the output vector of a trial. The solid cross-
hairs depict the actual velocity vector, and the dashed 
cross-hairs the mean of the 200 computed vectors. 

3.3 Performance with aperture problem and 
structureless fields 

When the image is one-dimensional in structure, the 
direction of its motion is partially ambiguous. For 
example when the image is a linear stripe, only the 
component of motion perpendicular to the direction of the 
stripe is evident; the component parallel to the stripe is 
invisible, and therefore not measurable. This is commonly 
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Figure 4. Outputs of GG scheme (a) and II scheme (b) to 
displacement of the plaid pattern in Fig. 1 by 0.8 pixels 
along x, and 0.5 pixels along y, in the presence of image 
noise of amplitude ranging from 0 to 0.3 units in steps of 
0.05 (0 to 15% of signal amplitude). S and 9 denote the 
actual magnitude (pixels) and direction (radians) of the 

displacement, while S and 9 denote the mean magnitudes 
and directions of the vectors computed from 200 trials at 

each noise level 0' s and 0'9 represent the standard 
deviations of the computed displacement (pixels) and 
direction (radians) respectively. 

known as the aperture problem [5,6]. When the image is 
structureless (i.e. of spatially uniform intensity) its 
velocity is totally undefined, because the image remains 
unchanged for any motion. Both the GG and the II 
schemes break down when confronted with an aperture 
problem or a structureless image. When there is an 

aperture problem the two equations used to solve for Vx 

and Vy are no longer independent, rendering the system 
matrix singular. When the image is structureless, all of 
the coefficients in the equations are zero, again rendering 
the matrix singular. 

In theory, an aperture problem can be sensed by detecting 
the singularity in the matrix and solving one of the 
equations to obtain the component of velocity 
perpendicular to the stripe (e.g. [1]). In the case of a 
structureless image, the situation can be identified by 
detecting the disappearance of all of the equations' 
coefficients [7]. However, if there is noise in the image 
acquisition process -- as is inevitable in practice --
structureless images and the aperture problem are not 
detected readily because the matrices are no longer 
singular, and the coefficients of the equations are no 
longer zero. It is important to examine the performance of 
the GG and II schemes under these conditions, because 
large errors can occur without warning. 

The performances of the two schemes when viewing a 
structureless image are compared in Fig. 5. Noise of 
amplitude (-0.1,0.1) is added to the two input frames. The 
results are displayed in the form of scattergrams, depicting 
the output velocity vectors computed in 200 trials. The 
GG scheme produces a broad scatter of vectors that are 
very inconsistent. The condition of the system matrix (its 
invertibility) is measured by means of its condition 
parameter C, which is the absolute ratio of the largest to 
the smallest eigen value. The larger this parameter is 
compared to unity, the more poorly conditioned the 
matrix. In this example, the matrix is well conditioned in 
most of the trials: values of C are no greater than 20.0 in 
90% of the trials, with a minimum of 1.2, a maximum of 
1843, and a mean of 19.9. Despite this, the majority of the 
200 vectors fall outside the limits of the graph and are 
thus not displayed. The II scheme, on the other hand, 
produces vectors that are consistent and relatively tightly 
clustered around zero velocity. The system matrix is well 
conditioned (minimum C: 1.0; maximum C: 1.8; mean C: 
1.2) All of the 200 vectors fall well within the limits of 
the graph. 

The performances of the two schemes when viewing a 
moving, one-dimensional sinusoidal grating are compared 
in Fig. 6. The grating, of period 25.1 pixels, is oriented 
vertically and moves 1 pixel horizontally to the right, and 
one pixel vertically upwards. Noise of amplitude ( -0.1,0.1) 
is added to the two input frames. The results are displayed 
in the form of scattergrams depicting the output velocity 
vectors computed in 200 trials. The GG scheme produces 
vectors wbose x-component is equal to the component of 
motion perpendicular to the grating. The y-component, 
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Figure 5. Outputs of GG scheme (a) and 11 scheme (b) to 
displacement of a structureless field by 1.0 pixels along x, 
and 2.0 pixels along y, in the presence of image noise of 
amplitude 0.1 units. Results of 200 trials are shown in 
each case. The ( +) symbol represents the origin, the circle 
depicts the actual displacement vector, and each asterisk 
represents the vector computed in a trial. 

however, displays a very broad scatter of values that are 
grossly inconsistent. Since we are not supposed to know 
the orientation of the grating a priori (or that the image is 
one dimensional, for that matter), the results give no 
useful information on the motion of the image. The 
computed vectors fall along the velocity constraint line 
that is defined by the moving grating. The system matrix 
is poorly conditioned (minimum C: 140.1; maximum C: 
184000; mean C: 2595). Many of the 200 vectors fall 
outside the limits of the graph and are thus not displayed. 

The II scheme produces a set of vectors that are clustered 
around a velocity whose x-component corresponds to the 
velocity perpedicular to the grating, and whose y-
component is close to zero. In other words, the II scheme 
yields results that give an accurate measure of the 
component of motion perpendicular to the grating. The 
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Figure 6. Outputs of GG scheme (a) and 11 scheme (b) to 
displacement of a vertically oriented sinusoidal grating 
of amplitude 1.0 units by 1.0 pixels along x, and 2.0 pixels 
along y, in the presence of image noise of amplitude 0.1 
units (10 %of signal amplitude). Results of 200 trials are 
shown in each case. Symbols as in Fig. 5. 

system matrix is comparatively well conditioned 
(minimum C: 19.3; maximum C: 39.6; mean C: 24.8). 
All of the 200 vectors fall well within the limits of the 
graph. 

Summarizing the results of this section, the GG scheme 
produces very inconsistent results when it encounters an 
image that presents a blank field or an aperture problem. 
The II scheme, on the other hand, yields velocity values 
that are close to zero when viewing a structureless field. 
and values that represent the perpendicular component of 
velocity_ when viewing a moving one-dimensional grating. 
Neither of these latter values is necessarily correct, 
because of the unavoidable indeterminacies in these 
situations. However, the GG scheme fails catastrophically, 
producing wildly erratic vectors, a property that has been 
noted earlier (e.g [8]). On the other hand, the II scheme 
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fails "gracefully", yielding results that can be used in 
subsequent processing, such as motion-based scene 
segmentation. 

3.4 Performance with real image sequences 

The GG and II schemes were tested on a real image 
sequence generated by moving a video camera towards a 
flat. textured surface whose plane was approximately 
orthogonal to the camera's optical axis. This motion 
generates an expansional flow, with local velocity vectors 
directed outward from the centre of expansion, and whose 
magnitudes increase with distance from the centre. Two 
successive frames of the sequence, each 256 x 256 pixels x 
256 intensity levels, were analysed. The frrst frame is 
shown in Fig. 7a. Intensity contour plots of the two 
frames, shown superimposed in Fig. 7b, reveal the 
expansional nature of the flow and the location of the 
centre of expansion. To prevent possible aliasing due to 
high-spatial-frequency components in the image, the two 
frames were spatially prefiltered by a low-pass fllter with a 
circularly symmetrical gaussian weighting function with a 
half-width of 15 pixels. With the GG scheme, the g filter 
had an elliptical gaussian weighting function with half-
wi<;lths of 13.3 and 26.7 pixels in the x and y directions, 
reSpectively. The h filter had a weighting function that 
was a 90 deg rotated version of that of the g filter. With 
the II scheme, the '¥ function was a gaussian with a half-
width of 20 pixels. Thus, both the GG and the 11 schemes 
used spatial weighting functions that covered the same 
area. With the 11 scheme, the reference images / 1, h, f3 
and / 4 were obtained by shifting fo by 5 pixels in the 
appropriate directions. Local image velocities were 
calculated by using the GG and 11 schemes at each of 121 
different locations, spaced 16 pixels apart on a square 
grid. This was done by centering the g and h filters (for 
the GG scheme) or the '¥ function (for the 11 scheme) at 
each of the grid locations, in turn. The velocity vectors 
computed by the GG scheme and the 11 scheme are shown 
in Fig. 9. No smoothing has been applied to the results, in 
either case. The vector at each grid point is depicted by an 
oriented line whose length is scaled such that a length 
corresponding to the distance between neighbouring grid 
points represents a displacement of 5 pixels. Grid 
locations where the matrix is ill-conditioned (C > 20.0) 
are indicated by a circle. 

The GG scheme (Fig. 8a) produces results that are very 
erratic. There are a number of locations where the system 
matrix is ill-conditioned. Furthermore, there are several 
locations where the vectors are visibly incorrect. even if 
the matrix is well conditioned. The 11 scheme (Fig. 8b), on 
the other hand, produces results that are visibly more 

a 

b 

Figure 7. (a) One frame of a real (video) image sequence. 
(b) Intensity contour plots of two successive frames, 
superimposed to illustrate the expansional nature of the 
flow field. 

accurate and consistent. At no location is the system 
matrix ill-conditioned. Furthermore, the pattern of flow 
vectors is very consistent with the location of the centre of 
expansion, as revealed by visual inspection of Fig. 7b. 

4 Comparison of computational complexity 

The computational requirements of the two schemes can 
be compared in terms of the number of floating point 
operations (flops) required to compute the vector 
representing motion within a single patch. This 
calculation, described in the Appendix, shows that the two 
schemes are not very different in this respect: the 11 
scheme is 43% more intensive, computationally, than the 
GGscheme. 
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Figure 8. Outputs of GG scheme (a) and IT scheme (b) 
applied to the image sequence of Fig. 7. 

5 Conclusions 

Both the GG scheme and the IT scheme perform accurately 
when the velocity of ·the image is small. and the 
signal/noise ratio of the image is good. As image noise 
increases. the output of the GG scheme becomes more 
variable than that of the 11 scheme. However. the GG 
scheme continues to produce unbiased estimates of image 
speed. whereas the 11 scheme produces estimates of speed 
that are systematically and progressively lower than the 
actual values. When encountering an aperture problem or 
a structureless image. the 11 scheme performs bettec than 
the GG scheme. The 11 scheme requires marginally more 
computation than the GG scheme. However. the extra 
effort seems worthwhile: when dealing with real image 
sequences. the 11 scheme yields a greater percentage of 
accurate and useable results because it is less susceptible 
to image noise. to the aperture problem. and to blank 
fields. The superior robusbless of the IT scheme appears to 
be due to the error-minimizing structure that is inherent to 
the underlying algorithm. 

6 Appendix 

Here we give a theoretical comparison of the robustness 
of the GG and 11 schemes to noise. We also analyse 
theoretically the performances of the two schemes when 
they are confronted with an aperture problem. or with an 
unstructured image. To do this. it is convenient to portray 
the two schemes in the following common framework. 
Both schemes compute Vxand Vy by solving a pair of 
simultaneous equations of the form 

a.Vx+h.Vy=P 

and 
c.Vx+d.Vy =q 

to obtain 

_,_pd_-_,q~b Vx=-ad-bc 
and 

V: = qa-:-pc 
y ad-be 

(Al) 

(A2) 

(A3) 

(A4) 

In the case of the GG scheme. the value of a (from 
equation 1) can be rewritten as 
a= JJ gx.f = JJ g.fx = JJ g.(lz- ft) 
where fz -Ji represents the x-partial spatial derivative of 

the image. obtained from two versions fz and Ji of the 
image displaced slightly along the x-axis relative to each 
other. Similarly. the value of p can be rewritten as 

p=-JJg.ft =-JJ(!- fo) 
where f and fo are images obtained at two successive 
time frames. b,c.d and q can similary be expressed as 

b = JJ g.(/4 -/3); c = 11 h.(lz -Ji); 
d = jjh.(/4- f3); q = Jf h.(/ -/o) 

(A5) 

where / 4 - f3 represents the x-partial spatial derivative of 

the image. obtained from two versions / 4 and f3 of the 
image. displaced slightly along the x-axis relative to each 
other. 

In the case of the IT scheme, we have (omitting for 

simplicity the terms !uref and f:.Yref ): 
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a= Jj'P.(fz- Ji )2; b = /J'P.(/4- fJ).(h- Ji ); 
c = b; d= JJ'P.(/4- IJ)2; 

p=2fJ'P.(f- /o).(h- ft); q = 2fl'P.(f- /o).(/4- IJ); 

6.1 Signal-to-noise ratio 

We compare the robustness of the two schemes by 
calculating the signal/noise ratios of individual 
coefficients for the two cases. 

Considering ftrSt the GG scheme, the mean square 
amplitude s2 of the coefflcient b due to the signal is 

S2 = [JJ g(f4 - fJ) f, which can be rewritten as 

S2 ~ 2 (£ f )2 where ~g2 =JJg2. =vg • J4- 3 ' v Thus, 

S2 = a,Z .(fl + /42 -2.1J.f4). Setting [32 = [42 =a/. 

and fJ . /4 = a. a/, where a is the normalised spatial 

autocorrelation coefficient of the 2-d intensity function f 

al9Dg y (0 <a< 1), we obtain S2 = 2.CJ / .CJ /<1-a). 
Thus, the rms amplitude of b due to the signal is 

S = .fi. a 8 • a rlt- a . Assuming that the signals h and 

[ 4 are corrupted by additive noise n3 and n4 respectively 
(where each is a spatial array of noise), we can calculate 
similarly the rms amplitude N of the coefficient b due to 

the noise as N=.fi.a8 .an. where an2 =nl =n4
2 and 

where we have assumed that the noises are uncorrelated 

(n3 .n4 = 0). Therefore, the signal/noise ratio of 

coefficient b may be written .§_ = 01 . .J1- a . 
N an 

Considering next the II scheme, the mean square 
amplitude of the coefflcient b due to the signal can be 
calculated similarly as 

S2 = a.,2 .(/4- IJ)2 .(/2-ft)2 = a.,2 .(/4- IJ)2 .(fz- ft)2 

where the last step is valid if we make the reasonable 
assumption that the spatial gradient of the intensity along 
y is uncorrelated with that along x, and where 

a.i = Jf'¥2 . The above expression can then be further 
simplified to 

S2 =4.a.l.a/(1-a)2 

where a/ =Ji? =tl =tl =/42 

the normalised spatial 

autocorrelation coefficient of the 2-d intensity function 
f along x or y. Thus, therms amplitude of b due to the 

signal is S = 2. a 'I'. a/ (1- a). Similarly, by assuming 

that the signals / 1• fz, fJ and / 4 are corrupted by noises 
n1 , n2 , n3 and n4 respectively, it can be shown that the 

rms amplitude of due to the noise is N = 2. a 'I' . an 2 

where an2 =n1
2 =nl =n3

2 =n4
2 and where we have 

made the reasonable assumption that (n4 - n3 ) is 
uncorrelated with ( nz - n1 ) • Thus, with the II scheme, the 
signal/noise ratio of coefficient b is 

s a/ -=-y.(l-a). 
N On 

We note that the signal/noise ratio of each coefficient in 
the II scheme is the square of that in the GG scheme. 
Thus, the n scheme should be more robust to noise than 

the GG scheme when °1 . .J1- a > 1 , ie. when the 
an 

signal/noise ratios of the coefficients of the GG scheme 
are greater than one. In other words, the II scheme is 
superior to the GG scheme under realistic noise 
conditions. 

6.2 Aperture Problem 

We consider first the performance of the two schemes 
when the image is a vertically oriented sinusoidal grating 
moving rightwards. We assume that fo,fl,fz,f3,f4 and 
f are corrupted by additive noises no.n1,n2 ,n3,n4 and 
n, respectively (where each is a spatial array of noise). In 
this situation, [4 - ! 3 = 0 and fz - fi is large compared to 
the noise. 

With the GG scheme, the terms a, c, p and q will be 

large, while b and d will be small and determined 
entirely by the noise. Under these conditions we therefore 

have V. = p = !1. = JJ g.(f- fo) 
x a c Jfg.(fz- fl) 

(A6) 

Since (f- fo) is the local temporal derivative of intensity 

and (fz - ft) is the local spatial derivative of intensity 
along the x axis, it follows that the GG scheme will 
compute a value of Vx that corresponds to the component 
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of velocity perpendicular to the grating. The values of Vy, 
however, will be wildly erratic and determined primarily 
by the noise. The reason is that in the Vx, Vy plane the 
constraint lines defined by equations (1) and (2) will each 

be approximately parallel to the Vy axis and lie at a 

distance of about Vx from it. 

With the 11 scheme, the results are predicted most easily 

by calculating the values of Vx and Vy that minimize the 
errorE in the interpolation (equation 4). Adding the noise 
terms to the corresponding signal terms, and noting that 
in this case / 4 - f3 =0, E may be 
rewritten 

Thus, we need to minimize 

Assuming that the signal is uncorrelated to the noise, 
minimization by calculus gives 

2.Axret·iJ'P(f- fo).(fz- ft) 
Vx = [ 2 2 2] Jj'P (fz- ft) +n1 +~ 
and 

Vy =0 

Thus the 11 scheme yields, on average, an x-velocity 
which is close to the component of motion perpendicular 
to the grating (but smaller by an amount which depends 
upon the noise amplitude), and ay-velocity close to zero. 

Next, we consider the performance of the two schemes 
when the image is structureless, and contains only noise. 
In this case I = fo = ft = fz = 13 = /4 = 0 · 

With the GG scheme, the coefficients a,b,c,d,p and q 
are determined purely by the noise, so that the results 

computed for Vx and Vy will be completely erratic and 
unpredictable. With the 11 scheme, minimizing E as above 

leads to ·vx = 0, and Vy = 0. Thus, the 11 scheme tends to 

produce small magnitudes of velocity when the image is 
structureless. 

6.3 Computational complexity 

Each scheme requires the calculation of 6 coefficients 
a,b,c,d,p and q, followed by the inversion of a 2x2 
matrix to obtain the velocity vector. The latter is a 
nonintensive calculation and is the same for both schemes. 
Tbe compuational bottleneck in both schemes lies in the 
calculation of the coefficients. 

The flops required to compute the coefficients for each 
scheme can be calculated as follows. In the GG scheme, 
a, b,c and d involve pointwise multiplication of a spatial 
2-d intensity function by a 2-d filter weighting function 
and summation of the products over the patch. Thus, 
computation of a,b,c and d involves 2n2 flops each, or a 
total of 8n2 flops. Similar computations are involved in 
the case of p and q , except that these coefficients 
require as a first step the computation of the temporal 
derivative of the 2-d spatial intensity function. The 
temporal derivative operation is a pixelwise subtraction of 
successive frames, involving an additional n2 flops per 
coefficient This means that computation of the 
coefficients p and q requires 3n2 flops each. The GG 

scheme thus requires a total of 14n2 flops for calculation 
of the 6 coefficients. 

In the II scheme, calculation of the 6 coefficients first 
requires computation of the differences of 2-d spatial 
intensity functions: ft - fz, 13 - ! 4 and f- fo (see 

equations 5 and 6). This involves n2 flops each, or a total 
of 3n2 flops. The computation of coefficients a,b,c,d,p 

and q then each require a further 3n2 flops, making a 

total of 21n2 flops. However, since the system matrix is 
symmetric in this case (b = c, see equation AS), the total 
reduces to 20n2 flops. 

Thus, the II scheme is 43% more intensive, 
computationally, than the GG scheme. This simple 
calculation does not take into account economies that can 
be achieved (through the use of, say, FFf routines or 
recursive digital flltering) when computing velocities in a 
number of patches. 
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